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1.1 Introduction

D erivative securities arewidely traded n̄ancialinstruments which inherittheir
properties from theunderlyingassets.T hewell-knownBlackandScholes formula
[B lackand Scholes 1 973]is oneofthefewcases wherethepriceofaderivative
asset(aEuropeancalloption)canbeanalyticallyexpressed.U nfortunately,theset
ofassumptions underlyingtheB lack-Scholes economyarerarelymetinpractice.
A mongmanypossibleextensions oftheB lack-Scholes assumptions,modī cation
oftheconstantvolatilityassumptionhas perhaps received themostattention in
theeconometriccommunity.T heA R CH modeldevelopedforthediscretelysampled
databy[Engle1 982]anditsmanyvariantshavereceivedalotofattention,perhaps
because theywere expected tocapture the spiritofcontinuous timemodels as
in [H ulland W hite 1 987].T his intuition was apparently con̄ rmed by [N elson
1 996]and [N elson and Foster1 994],whoestablished thatthecontinuous-record
asymptotics forsomediscrete-time A R CH processes convergetothecontinuous-
timeprocessesof[H ullandW hite1 987].1

T he purposeofthis chapteris tononparametricallyexaminetherelevanceof
A RCH models inoptionpricing.W eignorethepredictiveaspectsofA RCH mod-
els andexaminerelevancesolelybasedontheirperformanceinoptionpricing.It
is interestingtonotethatmuchoftheA R CH literatureverballyemphasizes the
potentialofA RCH volatilityinoptionpricing,butnotmanystudies statistically
testtherelationbetweentheA RCH modelsandoptionpricing.L ackingstatistical
testing,afewauthors doinvestigatethelinkbetween A RCH models andoption
pricing,theseinclude [D uan 1 995],[Engleand M ustafa1 992],[Engleetal1 996],
[B ollerslevand M ikkelsen1 995],and[A minandN g1 993].A lltheresults seem to
implyatleasttwoassumptions.T he r̄stassumption,whichwewillcallthesu±-
ciencyassumption,isthatthevolatilityisamean-su±cientstatisticfortheoption
priceofinterestgivenotherrelevantvariables.T hesecondassumption,whichwe
willcallthenecessityassumption,is thattheA RCH volatilityhas additionalex-
planatorypowergivenotherrelevantvariables.T his amounts totheassumption

1.Important c ompetitors to the ARCH mod elsinclud e the d isc rete-time stochastic -volatility
mod elsd iscussed by [M elino and Turnbull1990 ], [W iggins1987], [Harvey et al1994 ], [J ac quier
et al199 4 ],and [Shephard et al1998].Due to the ease ofimplementingARCH mod els,and their
c orrespond ingd ominance amongpractitionersw e focusattentionsonARCH inthisstud y.
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thatthechangingvolatilitymodeldescribedbyA RCH betterexplainstheoption
pricethantheconstantvolatilitymodel.2 R ecentdevelopmentsinthenonparamet-
ricspecī cationliteratureallowus totestbothassumptions.Inthis chapter,we
testthenecessityandsu±ciencyofA RCH modelsforEuropeanoptionpricing.W e
applythetests of[A Ä³t-Sahaliaetal1 994]and [Fanand L i 1 996]toexaminethe
relevanceofA R CH models in pricingEuropeanoptions.W etrytoexaminethe
usefulnessandrelevanceofA RCH modelsinoptionpricingtakingapurelyreduced
form statisticalapproach.Suchreducedform strategycomplementsthetheoretical
developmentsof[EngleandM ustafa1 992],[A minandN g1 993],and[D uan1 995].
N onparametricspecī cationtests havean interestingpracticalimplication.R e-

cently, [B roadieetal1 996b]and [B roadieetal1 996a]have suggested nonpara-
metricestimationofA mericanoptionprices.T heysuggestestimatingthepricing
functionalgivenaparametricallyestimatedvolatilityandotherrelevantvariables.
G iventheirpopularityinvolatilityextractionandprediction,A RCH modelsarea
naturalchoiceinsuchprocedure.W ethus believethatournonparametrictesting
resultsformnicecomplementstoresultsonnonparametricestimationby[B roadie
etal1 996b].

1 .2 Su±ciencyandN ecessity

Inthissection,weelaborateonthesu±ciencyandnecessityargumentsintroduced
intheprevioussection.W e r̄stmakeaverybriefreviewofEuropeanoptionpric-
ingunderchangingvolatility.InthesimpleB lack-Scholes economywithconstant
volatility,theEuropeancalloptionpriceC;onanassetwithoutdividendpayments,
canbewrittenas

C =P (K;S;r;T ¡t;¾): (1.1)

H ere,K;S;r;T ¡t;and ¾ denotethestrikeprice,theunderlyingassetprice,the
(constant)risk-freeinterestrate,thetime-to-maturity,andthe(constant)volatility.
W henthevolatilityischaracterizedbyacontinuous-timestochastic-volatilitymodel

2 .B y constant volatility b ased optionpricing,w e d o not restrict ourselvesto the stand ard B lack-
Scholesformula.We interpret c onstant volatilitybased optionpricingto meananynonparametric
spec ī c ationofthe optionprice w hich d oesnot includ e time-varying volatility asone ofthe
explanatory variables.
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andwhenthevolatilityisuncorrelatedwithaggregateconsumption,thenfollowing
[H ullandW hite1 987],wemaywrite,

C =E [P (K;S;r;T ¡t;¾T)jFt]; (1.2)

wherethe(conditional)expectation(givenalltheinformationavailable)attime
t is takenwith respectto ¾T , the random volatility atmaturity.O n the other
hand,whenvolatilityfollowsaG A R CH processandwhentheequivalentmartingale
measure Q is suchthatthelogoftheunderlyingassetpricefollows aparticular
randomwalk,[D uan1 995]establishesthattheEuropeancallcanbepricedby

Ct=exp(¡r(T ¡t))E Q [max(ST ¡K;0 )jFt]: (1.3)

O bservethatall(1.1),(1.2),and(1.3)arealldeterministicrelations.W edonot
believethatanyofthemwillsurviveacommonsensetestagainstarealdatasetif
westrictlyimposethisdeterministicinterpretation.W ethusfreelydepartfromthis
deterministicinterpretation,andinterpreteachofthem inthestochasticway:we
aregoingtoread(1.1),(1.2),and(1.3)as \ T heconditionalexpectationoftheleft
handsideoftheequationgivenalltheavailableinformation is equaltotheright
handside."3

T hestochasticinterpretationof(1.1),(1.2),and(1.3)has an interestingimpli-
cation.O bservethatallofthem implythat,givenalltheavailableinformationFt,
only v̄evariablesK;S;r;T¡t;¾ arerelevantforoptionpricing.W emaycompactly
writeitas

E [CjFt]=E [CjK;S;r;T ¡t;¾]: (1.4)

A mong the v̄e variables of interest, the r̄st fourvariables K;S;r;T ¡t are
observed.O nly¾ isunobservedintheoptionpricingrelationship.T hisimpliesthat
¾ issomereal-valuedmappingwhoseargumentisanin̄ nite-dimensionalcollection
ofalltheavailableinformation.Tobemorespecī c,(1.4)impliesthatthereexists
aone-dimensionalstatisticwhichwewrite(withsomeabuseofnotation)as¾ (Ft)
suchthat

E [CjFt]=¦(K;S;r;T ¡t;¾ (Ft)) (1.5)

3.Although w e d o not have any ¯nance-economic justī cationfor thisstochastic interpretation,
w e ad opt thisconventiond ue to the seeminglackofresultsinthe ec onometricsofoptionpricing
errors.We refer to R enault (1996)for a recent attempt to resolve the d i± culties,although w enote
that the d eterministic relationimpliesthe c ond itionalexpec tationrelationinany case.
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forsomefunction¦.W earenowreadytoobtainthemeansu±ciencyandnecessity
ofthestatistic¾ (Ft)given(K;S;r;T ¡t).
A s forsu±ciency,observe that(1.5)implies thatthe conditionalexpectation

given(K;S;r;T ¡t)and ¾ (Ft)is equaltotheconditionalexpectationgiventhe
l̄trationFt:N ocomponentofthe l̄trationFt has anyadditionalexplanatory
powerforthe option price ofinterest.In the application,wewillchoose some
sensiblevariable,sayV ,inthe l̄trationFt,andtrytoexaminewhether

E [CjK;S;r;T ¡t;¾ (Ft)]6=E [CjK;S;r;T ¡t;¾ (Ft);V ]:

A s fornecessity,weobservethatthe statistic¾ (Ft)is useless in nonparametric
optionpricingifwefurtherhave

E [CjFt]=E [CjK;S;r;T ¡t];

i.e.,iftheexclusionof¾ (Ft)doesnotentailanylossofinformation.N ostatistical
procedure is available totest such a general implication.W e thus restrictour
attentiontothefollowingimplicationofthenecessitycondition:

E [CjK;S;r;T ¡t]6=E [CjK;S;r;T ¡t;¾ (Ft)]:

O bservethatthenecessitytestdoesnotsu®erfromthesamepowerproblemasthe
su±ciencytest.T henecessitysimplyassertsthat¾t(µ)hasadditionalexplanatory
power,thus nosubjectivity is involved in practicegiven aparametricvolatility
model.
W iththeinterpretationof¾ (Ft)as justsome statistic,considerthestochastic

interpretationof(1.1),(1.2),and(1.3)again.Equation(1.1)implies that¾ (Ft)
is aconstantvaluedfunctionundertheconstantvolatilitymodel.Equations(1.2)
and (1.3)imply that¾ (Ft)maybe expressed usingaparametricexpression in
thecasesofcontinuous-timestochastic-volatilitymodelanddiscrete-timeG A RCH
model,respectively.Ineverycase,the\ statistic"takestheformofthe\ volatility"
ofthecorrespondingeconometricmodelparameterizedbyµ,say.W ithsomeabuse
ofnotationagain,wemaythuswritethat¾ (µ0 ;Ft)isthenecessaryandsu±cient
statisticfortheoptionpriceofinterestgiven(K;S;r;T ¡t),whereµ0 denotesthe
truevalueoftheparameter.
Itshould be noted thata failure ofnecessity does notnecessarily invalidate

aparametriceconometricmodelassociatedwith ¾ (µ0;Ft).Forexample,wemay
n̄dthat¾ (µ0 ;Ft)isnonparametricallyunnecessary,butitcouldbethecasethat
¾ (µ0;Ft)isconstant:U ndertheB lack-Scholesformula,the(constant)volatilityis
nonparametricallyunnecessary.T hefailuremayalsobeduetoahighcorrelationof
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¾ (µ0;Ft)withtheotherexplanatoryvariables.T hismayhappenifthealternative
continuous record asymptotics by [Corradi 1 997]is more relevantthan thatof
[N elson 1 996]and [N elson and Foster1 994]:¾ (µ0;Ft)would beadeterministic
functionoft,andhence,T ¡t.T herefore,results from thenecessitytestshould
bemorecautiouslyinterpretedthanthosefrom thesu±ciencytest:aparametric,
changingvolatilitymodelcouldbeareasonablemodelofthevolatilityprocessitself,
butmayturnouttobeunnecessaryfornonparametricoptionpricing.

1 .3 N onparametricSpecī cationTests

Inthis section,webrie° yreviewthe intuitionofthenonparametricspecī cation
tests developedby[A Ä³t-Sahaliaetal1 994](A B S test)and [Fanand L i 1 996],and
thendiscusstheimplementationofthetests.Considertheconditionalexpectation
ofY given X ,whereY is aone-dimensionalrandom variableand X is arandom
vectorconsistingofap-dimensionalrandomvectorW andaq-dimensionalrandom
vectorV .T henullhypothesisthatV isdoesnothaveanyexplanatorypowergiven
W canbewrittenas E [Y jW ;V ]=E [Y jW ].L ettingM (w)=E [Y jW =w]and
m(w;v)=E [Y j(W ;V )=(w;v)],wecanrewritethehypothesisas

Pr[M (W )=m(W ;V )]=1 :

T he intuitionofthetestby [A Ä³t-Sahaliaetal1 994]is basedonthefollowing
implicationofthenullhypothesis:

E
h
(M (W )¡m(W ;V ))2

i
=0 :

N ow,ifwearegivenarelativelylargedatasetconsistingof(Yi;X i)i= 1 ;:::;n,
wemaybeabletoestimate M (w)andm(w;v)byanynonparametricmethod,
say,akernelregression.D enotetheregressionestimatesby ^M !(w)andm̂!(w;v),
respectively,i.e.,

^M !(w)=
Pn

i=1 YiK
¡w¡W i

!

¢
Pn

i=1 K
¡w¡W i

!

¢ ; m̂!(w;v)=
Pn

i=1 YiK
¡w¡W i

! ;v¡Vi!

¢
Pn

i=1 K
¡w¡W i

! ;v¡Vi!

¢ ;

where! is asuitablychosenbandwidth.A s thesamplesizegets large,wewould
expect

¡n=
1
n

nX

i=1

³
^M !(W i)¡m̂!(W i;Vi)

2́
! 0 (1 .6)
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underthenull.If¡n is substantially biggerthan zero, itcan be interpreted as
evidenceagainstthehypothesis.4 N otethattheteststatistic is based on kernel
regressionswhichusethesamebandwidth,!;underthenullandthealternative.
[FanandL i 1 996]developanalternativetestusingsimilarintuition.
Toseehowthesetestscanbeimplementedinthevolatilityspecī cationtest,sup-

posethatatheorysuggeststhatthevolatilityprocess isgovernedbyaparametric
model¾ (µ;Ft)withthetruevalueoftheparameterequaltoµ0.Forsimplicityof
notation,write¾t(µ)= ¾ (µ;Ft).Ifthis theoryis correct,thenweshouldobserve
optionpricessuchthat

E [CjFt]=¦(K;S;r;T ¡t;¾t(µ0 ));

forsomefunction¦.Supposetemporarilythatweknowthetruevalueµ0.T henthe
discussionofnecessityandsu±ciencyintheprevious sectionimmediatelyimplies
theteststobeconducted.Fornecessity,wecantestwhether

E [CjK;S;r;T ¡t;¾t(µ0 )]=E [CjK;S;r;T ¡t];

andforsu±ciency,wecantestwhether

E [CjK;S;r;T ¡t;¾t(µ0 )]=E [CjK;S;r;T ¡t;¾t(µ0);V ]

foranyrelevantV 2Ft.
W ithoutknowledgeoftheexactvalueofµ0 ,itisnaturaltorelyonanestimated

value,forexample,M L E.U nderthenullofcorrectparametricspecī cationofthe
volatilityprocess,wecanusuallyobtaina

p
n-consistentestimator,callitµ̂.A n

interestingandusefulaspectofthespecī cationtestby[A Ä³t-Sahaliaetal1 994]is
thattheasymptoticdistributionoftheteststatisticunderthenullisnotchanged
evenwhenwereplace µ0 bya

p
n-consistentestimator.5 A lthough [Fanand L i

1 996]does notexplicitlyconsidersuchacase, itis reasonabletoexpectsuch a
behaviorintheirtestaswell.6 T hisobservationsuggeststhefollowingstrategyfor
thenonparametrictestofrelevanceofA RCH modelsforoptionpricing:

4 .T he test statistic by [AÄ³t-Sahalia et al199 4 ]d i®ersfrom the intuitive equation(1.6) inord er to
ac c ommod ate a technicalityrelated to kernelregression:T heir test static involvestrimmingbased
onthe estimated d ensity,asiscustomary ineconometric applicationsofkernelestimation.
5.See Lemma 4.2 in[AÄ³t-Sahalia et al199 4 ].
6.T he intuitionisthe same asin[AÄ³t-Sahalia et al1994 ].T he rate ofconvergence ofparametric
estimationismuch faster thaninthe nonparametric c ase,and the asymptotic d istributionofthe
test statistic by [Fanand Li1996]isb ased onthe asymptotic d istributionofthe kernelestimator
w hose rate ofconvergence ismuch slow er than

p
n.
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1 .EstimateanA RCH model.

2.Forsu±ciency, choose V in the information setwhich is expected to have
additionalexplanatorypower,andapplythenonparametricspecī cationtestwhere
theregressorunderthenullis

³
K;S;r;T ¡t;¾t

³
µ̂
´́

andtheregressorunderthe
alternativeadditionallyincludes V .

3.Fornecessity,apply thenonparametric specī cation testwhere theregressor
underthenullis(K;S;r;T ¡t)andtheregressorunderthealternativeadditionally
includes ¾t

³
µ̂
´
.

Itis tobenotedthatthetestby[A Ä³t-Sahaliaetal1 994]isoriginallydeveloped
fori.i.d.observations,butitappliestodependentdatawithoutmodī cation.7 Itis
reasonabletoexpectthesamepropertyfrom thetestby[FanandL i 1 996].8

1 .4 EuropeanO ptionsontheS&P 50 0 Index

InthissectionweapplythetestingmethodologylaidoutabovetoEuropeanoption
contractswrittenontheS&P 50 0 index.

1 .4.1 T heD ata

W eapplythedatasetfrom [A Ä³t-Sahliaand L o1 998],graciouslyprovided tous
bytheauthors.T heoriginaldatasetcontains 1 6,923 pairsofcall-andput-option
prices(bid-askaverages)ontheS&P 50 0 indexrecordedbetweenJanuary1 ,and
D ecember31 ,1 993.From this,weeliminatecontractswithless thanoneday-to-
maturity,impliedvolatilitygreaterthan70 %,orapricelessthan$1/8.T his l̄tering
leaves 1 4,431 observations.
D uetoproblemsofinfrequenttradingofin-the-moneyoptions,theneedforsi-

multaneousobservationsoftheunderlyingindex,andunobserveddividendstreams
from the index,weusethe implied futures priceofthe indexas opposed tothe
actualspotprice.O urprocedurefollows[A Ä³t-SahliaandL o1 998].T hespot-futures
paritylinksthetwoby,

F t;T =Stexp((rt;T ¡±t;T)(T ¡t));

whereT ¡tisthenumberofdays-to-maturity,rt;T istherisk-freerate,and±t;T is

7.See Sec tion4 .3.2 in[AÄ³t-Sahalia et al199 4 ].
8.T hisisb ecause,asinthe test by[AÄ³t-Sahalia et al1994 ],the covariationsind uced bya reasonable
amount ofd epend ence inthe d ata are expec ted to b e ofsmallord er.
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Table 1.1
Descriptive Statisticsof[AÄ³t-Sahlia and Lo 1998]Data Set

Variable M ean Std.D ev. M in. M ed. M ax.
CallPrice 24.23 25.41 0 .1 3 1 6.68 1 21 .93
PutPrice 9.75 1 2.57 0 .1 3 4.73 1 0 2.0 8
ImpliedVolatility 1 1 .36 3.29 5.0 7 1 0 .71 36.43
ImpliedA T M Volatility 9.37 0 .86 6.1 0 9.36 1 6.47
T imetoM aturity 86.64 72.32 1 .0 0 66.0 0 350 .0 0
StrikePrice 440 .80 33.0 2 350 .0 0 440 .0 0 550 .0 0
Futures Prices 455.42 1 0 .26 428.70 457.82 474.44
R iskFreeR ate 3.0 7 0 .0 8 2.85 3.0 8 3.21

the(constant)dividendratebetweentimetandT.T heimpliedfuturespricegiven
fromthecall-putparityat-the-moneyis,

F t;T = K¤+ exp(rt;T (T ¡¿))

£(H(St;K¤;T ¡t;rt;T ;±t;T)¡G(St;K¤;T ¡t;rt;T ;±t;T));

whereH(¢)andG (¢)arethecallandputpricesrespectively.Inordertogetreliable
futuresprices,callandputcontractsareusedwherethestrikeprice,K=K¤¼St,
is closetoat-the-money.N ow,giventheimpliedat-the-moneyfuturesprice,F t;T ,
thepricesfromtheilliquidin-the-moneycallcontractscanbecalculatedas,

H(St;K;T ¡t;rt;T ;±t;T) = G(St;K;T ¡t;rt;T ;±t;T)

+(F t;T ¡K)exp(¡rt;T (T ¡t));

since a strike price,K, corresponding to an illiquid (liquid)in-the-money call
contract, automatically corresponds to a liquid (illiquid)out-of-the-money put
contract.
D escriptivestatisticsofthedatasetareprovidedinTable1.1.

1 .4.2 ImplementationoftheTests

T henonparametricregressionunderconsideration involves manyregressors even
underthenull:W ehaveatleast5 regressors(K;St;rt;T ;T ¡t;±t;T).Eventhough
thenonparametricspecī cationtestsworkasymptotically,theasymptoticapprox-
imationmaybepoorin n̄itesampleswhenthenumberofregressors is large.W e
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thusmakeaseriesofassumptionstoreducethenumberofregressors.Intheend,
thespecī cationwetestis

E
·
Ct;T;K
F t;T

¯̄
¯̄Ft

¸
=H

µ
K
F t;T

;T ¡t;¾t(µ0 )
¶

forsomenonparametricfunctionH,where F t;T is theimpliedfutures pricecom-
putedviatheput-callparity.T hespecī cationcanbederivedundertheassumption
that

² T hecurrentunderlyingassetpriceSt;andthedividendrate ±t;T enterinto¦
onlythroughtheimpliedfuturesprice;

² T hefunction¦ishomogeneousofdegreeonein(F t;T ;K);and

² T heinterestrate,rt;T ,is constant.

O bservethatthe r̄sttwoassumptions aresatis̄ edunderthestandard B lack-
Scholesformula.A sforthesecondassumptionofhomogeneity,[B roadieetal1 996b]
derived similarresults for A merican option pricing.T he second assumption is
importantnotonlybecauseofthedimensionreductionimplicationbutalsobecause
ofthepresumedstationarityimplication.T hetestby[A Ä³t-Sahaliaetal1 994]applies
withoutmodī cationforageneralclassofstationaryprocesses.9 B utthetestdoes
noteasilyaccommodatethenonstationaritythatis expectedtobepresentinthe
underlyingassetpricelevel,St.Facedwiththis challenge,itseems reasonableto
followthestandardpracticeofassumingstationarityofCt;T;KF t;T and K

F t;T .Supporting
thisassumption,wedonot n̄danysignī canttrends inthetworatiosinourdata
set.
W etakeourbenchmarkvariancespecī cationtobetheEG A RCH (1 ,1)model

from [N elson1 991 ].T husweestimate

ln(¾2t)=!+ ®
¯̄
¯̄ "t
¾t¡1

¯̄
¯̄+ °

"t
¾t¡1

+ ¯ ln(¾2t¡1):

9.See their Assumption4 and related d iscussion.
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Table 1.2
E G ARCH(1,1) E stimation

Parameter Estimate Standarderror R obustS.E.
M ean .0 268 .0 1 95 .0 20 2

! -.0 398 .0 0 74 .0 1 31
® .0 481 .0 0 96 .0 1 66
° -.0 1 71 .0 0 72 .0 20 5
¯ .9923 .0 0 22 .0 0 42

Table 1.3
G ARCH(1,1) E stimation

Parameter Estimate Standarderror R obustS.E.
M ean .0 388 .0 1 98 .0 20 1

! .0 0 31 .0 0 1 1 .0 0 1 8
® .0 1 79 .0 0 32 .0 0 58
¯ .9760 .0 0 38 .0 0 67

EstimatingEG A RCH modelsontheS&P 50 0 indexreturns(exdividends)yields
stronglypersistent| closetointegrated| specī cations.1 0 InTable1.2 weshowthe
estimationresultsfromourbenchmarkspecī cation.
W ewillalsobeemployingasymmetricG A R CH (1 ,1 )modelbelow.Inthis case,

theestimationresultsareas inTable1.3:
Finally,letus turntotheactualhypotheses tested.W ecarryoutthefollowing

experiments:Cases 1 through3 testthesu±ciencypartofourhypothesis:

² InCase 1 wetaketheEG A R CH (1 ,1 )specī cation tobethenull,and include
j¢ St¡1 jasanexplanatoryvariableunderthealternativehypothesis,testingfora
moreelaboratelagstructureinvolatility.

² A variabledescribingthenumberofdayssincethelasttradingdayissometimes
included intheconditionalvariancespecī cation.[FrenchandR oll1 986]suggest
thespecī cation,!t=!+ ln(1 + ±N t),whereN t is thenumberofcalendardays

10.T he und erlying stock ind ex d ata are d raw nfrom the CR ISP tapes(seriesSP INDX).W e
estimate ond aily d ata from April1988 through Decemb er 1993 w hich gives1,50 0 observations.
We note that the stock ind ex pric esare record ed at a slightly d i®erent time ofd ay thanare
the options.But, any d eterministic intrad ay volatility patternshould b e captured w ellinthe
subsequent nonparametric regression.Since w e use the stock pric esonly to ob taina parametric
estimate ofthe c ond itionalvariance,thisisnot ofmajor concern.
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sincethelasttradingday.InCase2,weincludeN tunderthealternativecallingit
the"M ondayE®ect,"andretainthestandardEG A RCH (1 ,1 )specī cationunder
thenull.

² In Case 3 we test forasymmetry underthe alternative using a symmetric
G A R CH (1 ,1)specī cationunderthenull.Itisinterestingtonotethatthestandard
inferenceinTable1.2 implies signī cantasymmetryintheEG A RCH (1 ,1)specī -
cation,whereastheBollerslev-W ooldridgerobustinferencerejectsasymmetry.

Cases 4aandbtestthesu±ciencypartofourhypothesis1 1:

² InCase4a,wetestthenecessityofA R CH usingasimplehomoskedastic,nonpara-
metricregressionincludingjusttime-to-maturityandstrikepriceoverthefutures
priceunderthenull.T healternativeincludesanEG A RCH (1 ,1 )volatilitymeasure.
A lthoughwecallthenull H̀ omoskedasticity',itis somewhatofamisnomer:A s
notedabove,thenullincludes thecasewherethevolatility is changingbutin a
deterministicfashion.

²Case4b is similarto4aonlyitapplies asymmetricG A R CH (1 ,1 )modelunder
thealternative.

² InCases5aandb,werestrictCase4 further,andtaketheregressorunderthenull
tobethestandardparametricB lack-Scholespricewithhomoskedasticinnovations.
T he alternative here includes the benchmark EG A RCH (1 ,1 )and G A R CH (1 ,1 )
conditionalvolatilityrespectively.Case5 isincludedtochecktheparametricB lack-
Scholesspecī cation,butalsotocheckthepowerofA B S testsintheactualsample
athand.

1 .4.3 TestR esults

Bothteststatisticsareasymptoticallystandardnormal:thenullisrejectedinfavor
ofthealternativeunder5% signī canceleveliftheteststatisticexceeds 1.64.To
compute the teststatistics,we use a G aussian kernel,where the bandwidth is
chosenviacross-validationonagridofpossiblevaluesunderthealternative,using
standardizedregressors.T heresultsofthevariousexperimentsusingtheA B S test
aresummarizedinTable1.4.
O bservethattheA R CH modelofourchoicepassesthetestofmeansu±ciency:

InCases 1 ,2,and3,thenullswhichonlyincludetheA RCH volatilitiescannotbe
rejectedunder5 % signī cancelevel.Furthermore,theasymmetrydoes notseem

11.Incase 1 through 4 ,the regressionund er the nullinclud esthe time-to-maturity asw ellasthe
strike pric e normalized by the futuresprice.
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Table 1.4
Test R esults

Case N ull A lternative p+ q ! A B S test
1 EG A R CH (1 ,1 ) j¢ St¡1j 3+ 1 .1 28 -25.4
2 EG A R CH (1 ,1 ) M ondayE®ect 3+ 1 .0 94 -26.2
3 G A R CH (1 ,1 ) ¢ St 3+ 1 .1 25 -25.7
4a H omoskedasticity EG A R CH (1 ,1 ) 2+ 1 .0 61 -1 2.1
4b H omoskedasticity G A R CH (1 ,1 ) 2+ 1 .0 54 -5.5
5a B lack-Scholes EG A R CH (1 ,1 ) 1 + 1 .0 52 77.0
5b B lack-Scholes G A R CH (1 ,1 ) 1 + 1 .0 41 90 .8

tomatterforoptionspricing.O ntheotherhand,theA RCH modeldoesnotpass
thetestofnecessity.InCases4aandb,weseethatthenonparametricmodelwhich
doesnotincludeanyA RCH volatilityisaccepted.A sexpected,wegetaresounding
rejectionoftheparametricB lack-Scholes pricingformulaincases 5aand 5b.W e
takethis resultas evidencethattheA B S testis quitepowerfulinthesampleat
hand.
T he reduced-form nature ofourapproach refrains us from speculation as to

the n̄ancialeconomic reason why the A RCH models do notpass the testof
necessity.W e conjecture thatthe volatility process has ahigh correlation with
theotherregressors included inthenull,sothatitdoes nothaveanyadditional
explanatorypoweroverandabovethehomoskedastic,nonparametricregression.
A notherpossible explanation, namely sensitivity ofourresults with respectto
bandwidth choice is explored in the nextsection.Finally,we remark thatthe
applicationofthetestby[FanandL i 1 996]yieldedsimilarresults.1 2

1 .4.4 R obustnessofTestR esultstotheChoiceofBandwidth

Inordertoavoidarbitrariness inthechoiceofbandwidth,everyexperimentabove
builds onacross-validatedbandwidthparameter.Tocomplementthisdata-based
bandwidthchoice,weconductedsomesensitivityanalysisofthetestresultsinTable
1.4 tothechoiceofbandwidth.First,considerthesu±ciencytestofG A RCH ,i.e.

12 .We againused the G aussiankernelinthisapplication.[Fanand Li1996]test requiresthat the
band w id th a und er thenullb e d i®erent the band w id th h und er the alternative:Weneed a=h ! 1
asymptotic ally.B ec ause w e w ould have a=h ! 0 ifw e chose b oth a and h by c rossvalid ation,w e
chose h by c rossvalid ationand experimented w ith a = h ; 5h ; and 10 h.Although it ispossible
that our b and w id th choice w asmislead ing,w e ¯nd that the pow er of[Fanand Li1996]rather low :
We ac c epted the nullsfor everycase w e c onsid ered ,includ ingthenullofparametric B lack-Scholes
pric e.
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cases 1 -3.In neitherofthe three experiments conducted,didwerejectthenull
hypothesisofsu±ciencyforanyreasonablebandwidthchoice.T husthesu±ciency
resultsseem robust.
Second,considerthenecessitytests ofG A RCH incase4aandb.T herejection

oftheneccesityofG A R CH issomewhatsensitivetothechoiceofbandwidth.Fora
bandwidthmarkedlydi®erentfromthecross-validatedone,namelylargerthan0.1 ,
thetestrejects thenullthatthenonparametricB lack-Scholesmodelis su±cient,
andthusconcludesthatG A RCH orEG A RCH isnecessaryforoptionspricing.
Finally,therejectionofB lack-Scholes incase5aandb inTable1.4 is robustto

anyreasonablechoiceofbandwith.

1 .5 SummaryandConcludingR emarks

W ehaveconsideredtherelevanceofA R CH modelsinnonparametricoptionpricing.
R elevancewas decomposed intotwocomponents:su±ciencyandnecessity.U sing
thetestsby[A Ä³t-Sahaliaetal1 994]and[FanandL i 1 996],weconcludethatA RCH
modelsdopassthetestofsu±ciency.A s forthetestofnecessity,we n̄dthetest
resulttobesomewhatsensitivetothebandwidthchoice,althoughA RCH volatility
fails topass thenecessitytestin afairlylargeregionaroundthecross-validated
bandwidth.W ethus tentativelyconcludethatA RCH models mightbeirrelevant
forEuropeanoptionpricinginanonparametricstatisticalsense.
A neveropenquestioninstatisticalhypothesistestingisthepoweroftheapplied

tests intheparticularsituationunderinvestigation.W hilewehaveareasonably
largesampleathand,thepowerofthenonparametrictestsappliedmightnotbeas
highaswouldbedesired.Somerigorous M onteCarloexperimentsorhigherorder
expansionsarenecessarytovalidateorinvalidatethisconcern.W hilethisisbeyond
thescopeofthepresentchapter,weplantoaddress itinfuturework.
D espiteourconclusions,marketparticipants and academics mightstillbe in-

terested in A RCH models sincethenonparametricoptionpricingrelationship in
populationcannotbehurtbytheinclusionofadditionalvariables.A RCH models
maybeinterestinginpracticesolelyinaneconomicsense.T histentativeconclusion
is supportedbythefactthatA R CH models pass thetestofsu±ciency,andthat
theydoo®ersignī cantimprovementoverparametricB lack-Scholesprices.
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