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Abstract

In this chapter, we build first a univariate and then a multivariate filtered historical simulation

(FHS) model for financial risk management. Both the univariate and multivariate methods

simulate future returns from a model using historical return innovations. While the former

relies on portfolio returns filtered by a dynamic variance model, the latter uses individual or

base asset return innovations from dynamic variance and correlation models. The univariate

model is suitable for passive risk management or risk measurement whereas the multivariate

model is useful for active risk management such as optimal portfolio allocation. Both models

are constructed in such a way as to capture the stylized facts in daily asset returns and to be

simple to estimate. The FHS approach enables the risk manager to easily compute Value-at-

Risk and other risk measures including Expected Shortfall for various investment horizons that

are conditional on current market conditions. The chapter also lists various alternatives to the

suggested FHS approach.
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1 Introduction and Stylized Facts

In this chapter, we apply some of the tools from previous chapters to develop a tractable dynamic

model for computing the Value-at-Risk (VaR) and other risk measures of a portfolio of traded

assets.

The VaR is defined as a number such that there is a probability p of exhibiting a worse return

over the next K days, and where p and K must be predetermined by the risk manager. The VaR

is thus simply a quantile of the return distribution. Clearly, the quantile of a distribution does

not tell us everything about risk. Importantly, it does not tell us how large the likely magnitude

of losses is on those days when the return is worse than the VaR. Expected Shortfall (ES), which

is defined as the expected return conditional on the return being worse than the VaR, has been

suggested as an alternative to VaR and will also be discussed in this chapter. But, VaR remains

by far the most common risk metric used in practice.

The so-called historical simulation (HistSim) method has emerged as the industry standard for

computing VaR. It computes VaR in two simple steps. First, a series of pseudohistorical portfolio

returns are constructed, using today’s portfolio weights and historical asset returns. Second, the

quantile of the pseudohistorical portfolio returns is computed. Advocates of the HistSim approach

highlight its “model-free” nature. However it is clearly not “assumption-free”. HistSim essentially

assumes that asset returns are i.i.d. which is unfortunately not the case empirically.

The objective in this chapter is therefore to design a dynamic alternative to the static HistSim

approach. Specifically, we wish to build a risk model with the following characteristics:

• The model is a fully specified data-generating process which can be estimated on daily returns

• The model can be estimated and implemented for portfolios with a large number of assets

• VaR can be easily computed for any prespecified level of confidence, p, and for any horizon
of interest, K

• VaR is conditional on the current market conditions

• Risk measures other than the VaR can be calculated easily

To deliver accurate risk predictions, the model should reflect the following stylized facts of daily

asset returns

• Daily returns have little or no exploitable conditional mean predictability

• The variance of daily returns greatly exceeds the mean

• The variance of daily returns is predictable
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• Daily returns are not normally distributed

• Even after standardizing daily returns by a dynamic variance model, the standardized daily
returns are not normally distributed

• Positive and negative returns of the same magnitude may have different impact on the variance

• Correlations between assets appear to be time-varying

• As the investment horizon increases, the return data distribution approaches the normal
distribution

Again, the objective is to build a dynamic market risk management model that captures these

salient features of daily asset returns, that contains only few parameters to be estimated, and that

is easily implemented on a large set of assets.

In Section 2, we will consider a univariate approach and, in Section 3, a multivariate approach

to dynamic risk modeling. The univariate model simulates historical portfolio return shocks from

a dynamic variance model, and the multivariate model simulates historical asset return shocks

by means of both dynamic variance and correlation models. The univariate model is suitable

for passive risk management or risk measurement, whereas the multivariate model is useful for

active risk management such as optimal portfolio allocation. The end of each section will discuss

alternatives to the approach taken here. Section 4 concludes.

2 A Univariate Portfolio Risk Model

In this section, we will consider a simple univariate approach to modeling the dynamic risk of

a portfolio. Just as in the HistSim approach mentioned above, we consider a time series of T

pseudohistorical portfolio returns computed using today’s portfolio weights, and historical returns

on n assets

{rt}Tt=1 ≡
⎧⎨⎩

nX
j=1

wT,jrt,j

⎫⎬⎭
T

t=1

,

where rt,j denotes the log return on asset j from the market close on day t − 1 to market close
on day t, that is, rt,j = ln (St,j/St−1,j), and where wT,j denotes today’s weight of asset j in the
portfolio.

The univariate risk model proceeds by simply modeling the properties of the univariate portfolio

return, rt. One great advantage of this approach is that the correlations and other interdependencies

between the n assets do not need to be modeled. The downside however of the approach is that it

is conditional on the portfolio weights. When these weights change, then so should the estimated

risk model. This portfolio level approach is sometimes referred to as a passive risk model as it does
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not directly allow for studying the effects of actively managing the risk of the portfolio by changing

the portfolio weights.

We proceed by making some key assumptions on the daily portfolio return process. We will

assume that

rt = σtzt zt
i.i.d∼ D(0, 1), (1)

where the dynamic return volatility σt is known at the end of day t−1, and where the independent
and identically distributed (i.i.d.) return shock, zt, is from a potentially nonnormal distribution

with zero mean and unit variance. Note that we set the return mean to zero, allowed for time-

varying volatility, and for conditional nonnormality. These assumptions are all in line with the

stylized facts outlined in Section 1.

We proceed by first modeling and estimating σt, and then, subsequently, moving on to the

specification of D(0, 1).

2.1 The Dynamic Conditional Variance Model

In order to capture the time-varying volatility found in the daily returns, we rely on the NGARCH(1,1)

model. In this model, the variance for date t can be computed based on the return and the variance

for date t− 1 as follows:
σ2t = ω + α (rt−1 − θσt−1)2 + βσ2t−1,

where a positive θ captures the fact that a negative return will increase variance by more than a

positive return of the same magnitude. This asymmetry effect is one of the stylized facts listed in

Section 1.

The unconditional —or long-run— variance in this model can be derived as

σ2 = E
£
σ2t
¤
=

ω

1− α ¡1 + θ2
¢− β ≡ ω

κ
,

where κ ≡ 1− α ¡1 + θ2
¢− β is interpretable as the speed of mean reversion in variance.

Setting ω = σ2κ and substituting it into the dynamic variance equation yields

σ2t = σ2κ+ α (rt−1 − θσt−1)2 + βσ2t−1 (2)

= σ2t−1 + κ
¡
σ2 − σ2t−1

¢
+ α

¡
r2t−1 − σ2t−1 − 2θrt−1σt−1

¢
,

where, in the second line, we have simply expanded the square and applied the definition of κ.

The advantage of writing the model in this form is two-fold. First, we can easily impose the

long-run variance, σ2, to be the sample variance, before estimating the other parameters. This is

referred to as variance targeting. Second, we can easily impose variance stationarity on the model,

by ensuring that κ > 0 when estimating the remaining parameters. Finally, we guarantee variance

positivity by forcing α > 0 when estimating the parameters.
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The parameters {κ,α, θ} that determine the volatility dynamics are easily estimated by numer-
ically optimizing the quasi maximum likelihood criterion of the estimation sample

QMLE (κ,α, θ) = −1
2

TX
t=1

¡
ln
¡
σ2t
¢
+ r2t /σ

2
t

¢
. (3)

Typically, κ is found to be close to zero reflecting slow mean reversion and thus high predictabil-

ity in daily variance. The autocorrelation function of the absolute shock, |zt| = |rt/σt|, provides a
useful diagnostic of the volatility model.

2.2 Univariate Filtered Historical Simulation

We now turn to the specification of the distribution D(0, 1) of the return shock, zt. The easiest

way to proceed would be to assume that the shocks follow the standard normal distribution. As

the standard normal distribution has no parameters, the specification of the model would then be

complete and the model ready for risk forecasting. From the list of stylized facts in Section 1, we

know however that the assumption of a normal distribution is not appropriate for most speculative

assets at the daily frequency.

The question which alternative distribution to choose then arises? Rather than forcing such

a choice, we here rely on a simple resampling scheme, which, in financial risk management, is

sometimes referred to as filtered historical simulation (FHS). The term “filtered” refers to the fact

that we are not simulating from the set of raw returns, but from the set of shocks, zt, which are

returns filtered by the GARCH model.

It is simple to construct a one-day VaR from FHS. We calculate the percentile of the set of

historical shocks, {zt}Tt=1, where zt = rt/σt, and multiply that onto the one-day ahead volatility

V aRpT,1 = σT+1Percentile
n
{zt}Tt=1 , 100p

o
. (4)

Note that, by construction of the GARCH model, the one-day-ahead volatility is known at the end

of the previous day, so that σT+1|T = σT+1 and we simply use the latter simpler notation. The

Expected Shortfall for the one-day horizon can be calculated as

ESpT,1 = σT+1
1

p ∗ T ∗
TX
t=1

zt ∗ 1
³
zt < V aR

p
T,1/σT+1

´
,

where 1(∗) denotes the indicator function returning a 1 if the argument is true, and zero otherwise.
When computing a multi-day ahead VaR, the GARCH variance process must be simulated

forward using random draws, zi,k, from the historical shocks, {zt}Tt=1. The random drawing can

be operationalized by generating a discrete uniform random variable which is distributed from 1
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to T. Each draw from the discrete distribution then tells us which shock to select. We build up a

distribution of hypothetical future returns as

z1,1 → r1,T+1 → σ21,T+2 ... z1,k → r1,T+k → σ21,T+k+1 ... z1,K → r1,T+K

% ... ... ... ... ...

σ2T+1 −→ zi,1 → ri,T+1 → σ2i,T+2 ... zi,k → ri,T+k → σ2i,T+k+1 ... zi,K → ri,T+K

& ... ... ... ... ...

zM,1 → rM,T+1 → σ2M,T+2 ... zM,k → rM,T+k → σ2M,T+k+1 ... zM,K → rM,T+K

where ri,T+k is the return for day T + k on simulation path i, M is the number of times we draw

with replacement from the T standardized returns on each future date, and K is the horizon of

interest. At each time step, the GARCH model in (2) is used to update the conditional variance

and the return model in (1) is used to construct returns from shocks.

We end up with M sequences of hypothetical daily returns for day T + 1 through day T +K.

From these hypothetical daily returns, we calculate the hypothetical K−day returns as

ri,T :K =
KX
k=1

ri,T+k, for i = 1, 2, ...,M.

If we collect the M hypothetical K-day returns in a set {ri,T :K}Mi=1 , then we can calculate the
K−day Value at Risk simply by calculating the 100p percentile as in

V aRpT,K = Percentile
n
{ri,T :K}Mi=1 , 100p

o
.

The ES measure can be calculated from the simulated returns by taking the average of all the

ri,T :K that fall below the V aRpT,K number, that is

ESpT,K =
1

p ∗M ∗
MX
i=1

ri,T :K ∗ 1
³
ri,T :K < V aR

p
T,K

´
.

The advantages of the FHS approach are threefold. First, it captures current market conditions

by means of the volatility dynamics. Second, no assumptions need to be made on the distribution

of the return shocks. Third, the method allows for the computation of any risk measure for any

investment horizon of interest.

2.3 Univariate Extensions and Alternatives

The GARCH model that we used in (2) is taken from Engle and Ng (1993). Andersen, Bollerslev,

Christoffersen and Diebold (2006a) survey the range of viable volatility forecasting approaches.

The filtered historical simulation approach in (4) was suggested by Barone-Adesi, Bourgoin, and

Giannopoulos (1998), Diebold, Schuermann, and Stroughair (1998), and Hull and White (1998).

The general univariate model in (1) and (2) contains a number of standard risk models as special

cases:
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• The i.i.d. Normal model where D(0, 1) = N(0, 1) and κ = α = θ = 0

• The RiskMetrics model where D(0, 1) = N(0, 1) and κ = 0 and θ = 0

• The GARCH-Normal where D(0, 1) = N(0, 1)

• The GARCH-CF where D−1(0, 1) is approximated using the Cornish-Fisher approach

• The GARCH-EVT model where the tail of D(0, 1) is specified using extreme value theory

• The GARCH-t(d) where D(0, 1) is a standardized Student’s t distribution

As discussed in Christoffersen (2003), these models can be estimated relatively easily using a

variant of the likelihood function in (3) or by matching moments of zt with model moments. How-

ever, they all contain certain drawbacks that either violate one or more of the stylized facts listed in

Section 1, or that fail to meet one or more of the objectives listed in Section 1 as well: The i.i.d. Nor-

mal model does not allow for variance dynamics. The RiskMetrics model (JP Morgan, 1996) does

not aggregate over time to normality nor does it capture the leverage effect. The GARCH-Normal

does not allow for conditional nonnormality, and the GARCH-CF and GARCH-EVT (McNeill and

Frey, 2000) models are not fully specified data-generating processes. The GARCH-t(d) (Bollerslev,

1987) comes closest to meeting our objectives but needs to be modified to allow for conditional

skewness. See, for example, Hansen (1994).

Some quite different approaches to VaR estimation have been suggested. The Weighted His-

torical Simulation approach in Bodoukh, Richardson, Whitelaw (1998) puts higher probability on

recent observations when computing the HistSim VaR. However, see Pritsker (2001) for a critique.

The CaViaR approach in Engle and Manganelli (2004) and the dynamic quantile approach in

Gourieroux and Jasiak (2006) model the return quantile directly rather than specifying a complete

data generating process. Finally, note that Manganelli (2004) suggests certain univariate models

for approximate portfolio allocation by variance sensitivity analysis.

3 Multivariate, Base-Asset Return Methods

The univariate methods discussed in Section 2 are useful if the main purpose of the risk model is

risk measurement. If instead the model is required for active risk management including deciding on

optimal portfolio allocations, or VaR sensitivities to allocation changes, then a multivariate model

may be required. In this section, we build on the model in Section 2 to develop a fully specified

large-scale multivariate risk model.

We will assume that the risk managers knows his set of assets of interest. This set can either

contain all the assets in the portfolio or a smaller set of so-called base assets which are believed
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to be the main drivers of risk in the portfolio. Base asset choices are, of course, portfolio-specific,

but typical examples include equity indices, bond indices, and exchange rates as well as more

fundamental economic drivers such as oil prices and real estate prices. Regression analysis can be

used to assess the relationship between each individual asset and the base assets.

Once the set of assets has been determined, the next step in the multivariate model is to estimate

a dynamic volatility model of the type in Section 1 for each of the n assets. When this is complete,

we can write the n base asset returns in vector form

Rt = DtZt,

where Dt is an n by n diagonal matrix containing the GARCH standard deviations on the diagonal,

and zeros on the off diagonal. The n by 1 vector Zt contains the shocks from the GARCH models

for each asset.

Now, define the conditional covariance matrix of the returns as

V art−1 (Rt) = Σt = DtΓtDt,

where Γt is an n by n matrix containing the base asset correlations on the off diagonals and ones

on the diagonal. The next step in the multivariate model is to develop a tractable model for Γt.

3.1 The Dynamic Conditional Correlation Model

We wish to capture time variation in the correlation matrix of base asset returns without having

to estimate many parameters. The correlation matrix has n(n − 1)/2 unique elements but the
dynamic conditional (DCC) model offers a convenient framework for modeling these using only two

parameters that require numerical estimation methods.

The correlation dynamics are modeled through past cross products of the shocks in Zt

Qt = Ω+ α
¡
Zt−1Z 0t−1

¢
+ βQt−1 (5)

= Q (1− α− β) + α
¡
Zt−1Z 0t−1

¢
+ βQt−1

= Qt−1 + κ (Q−Qt−1) + α
¡
Zt−1Z 0t−1 −Qt−1

¢
,

where we have used

E [Qt] ≡ Q = Ω/ (1− α− β) ≡ Ω/κ.
The unconditional sample covariance matrix of Zt provides an estimate of Q, leaving only κ and

α to be estimated by numerical optimization. Forcing κ > 0 in estimation ensures correlation

stationarity.

The conditional correlations in Γt are given by standardizing the relevant elements of the Qt
matrices. Let ρij,t be the correlation between asset i and asset j on day t. Then we have

ρij,t =
qij,t√
qii,tqjj,t

, (6)
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where qij,t, qii,t, and qjj,t are elements of Qt.

The dynamic correlation parameters κ and α can now be estimated by maximizing the QMLE

criterion on the multivariate sample

QMLE (κ,α) = −1
2

TX
t=1

¡
log (kΓtk) + Z 0tΓ−1t Zt

¢
,

where kΓtk denotes the determinant of Γt.

3.2 Multivariate Filtered Historical Simulation

Based on the stylized facts in Section 1, we do not want to assume that the shocks to the assets

are normally distributed. Nor do we wish to assume that they stem from the same distribution.

Instead, we will simulate from historical shocks asset by asset to compute forward-looking VaRs

and other risk measures.

We first create a database of historical dynamically uncorrelated shocks from which we can

sample. We create the dynamically uncorrelated historical shock as

ZDt = Γ
−1/2
t Zt,

where, Γ−1/2t , is calculated as the inverse of the Choleski decomposition of the conditional correlation

matrix Γt from the DCC model.

When calculating the multi-day conditional VaR and other risk measures from the model, we

need to simulate daily returns forward from today’s (day T 0s) forecast of tomorrow’s matrix of
volatilities, DT+1 and correlations, ΓT+1. The returns are computed from the GARCH and DCC

models above.

From the data base of uncorrelated shocks
©
ZDt
ªT
t=1
, we can draw a random vector of historical

uncorrelated shocks, called ZDi,T+1. It is important to note that in order to preserve asset-specific

characteristics and potential extreme correlation in the shocks, we draw an entire vector representing

the same day for all the assets.

From this draw, we can compute a random return for day T + 1 as

Ri,T+1 = DT+1Γ
1/2
T+1Z

D
i,T+1

= DT+1Zi,T+1.

Using the simulated shock vector, Zi,T+1, we can now update the volatilities and correlations using

the GARCH model in (2) and the DCC model in (5) and (6). We thus obtain Di,T+2 and Γi,T+2.

Drawing a new vector of uncorrelated shocks, ZDi,T+2, enables us to simulate the return for the

second day as

Ri,T+2 = Di,T+2Γ
1/2
i,T+2Z

D
i,T+2

= Di,T+2Zi,T+2.
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We continue this simulation for K days, and repeat it for i = 1, ...,M simulated shocks.

The cumulative K-day log returns are calculated as

Ri,T :K =
KX
k=1

Ri,T+k.

The portfolio Value-at-Risk (VaR) is calculated by computing the user-specified percentile of

the M simulated returns for each horizon as in

V aRpT,K = Percentile
n©
W 0
TRi,T :K

ªM
i=1
, 100p

o
,

where WT is the vector of portfolio weights at the end of day T .

The Expected Shortfall (ES) is computed by taking the average of those simulated returns

which are worse than the VaR

ESpT,K =
1

p ∗M
MX
i=1

W 0
TRi,T :K ∗ 1

³
W 0
TRi,T :K < V aR

p
T,K

´
.

The advantages of the multivariate FHS approach tally with those of the univariate case: It

captures current market conditions by means of dynamic variance and correlation models. It

makes no assumption on the conditional multivariate shock distributions. And, it allows for the

computation of any risk measure for any investment horizon of interest.

3.3 Multivariate Extensions and Alternatives

The DCC model in (5) is due to Engle (2002). Extensions to the basic model are developed in

Capiello, Engle and Sheppard (2004). For alternative multivariate GARCH approaches, see the

surveys in Andersen, Bollerslev, Christoffersen and Diebold (2006a and b), and Bauwens, Laurent,

and Rombouts (2006). Jorion (2006) discusses the choice of base assets.

Parametric alternatives to the filtered historical simulation approach include specifying a mul-

tivariate normal or Student’s t distribution for the GARCH shocks. See, for example Pesaran and

Zaffaroni (2004). The multivariate normal and Student’s t asset distributions offer the advantage

that they are closed under linear transformations so that the portfolio returns will be normal and

Student’s t, respectively, as well.

The risk manager can also specify parametric conditional distributions for each asset and then

link these marginal distributions together to form a multivariate distribution by using a copula

function. See, for example, Demarta and McNeil (2005), Patton (2004, 2006), and Jondeau and

Rockinger (2005). The results in Joe (1997) suggest that the DCC model itself can be viewed as

a copula approach. Multivariate versions of the extreme value approach have also been developed.

See, for example, Longin and Solnik (2001), and Poon, Rockinger, and Tawn (2004).
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4 Summary and Further Issues

In this chapter, we have built first a univariate and then a multivariate filtered historical simulation

model for financial risk management. The models are constructed to capture the stylized facts in

daily asset returns, they are simple to estimate, and they enable the risk manager to easily compute

Value-at-Risk and other risk measures including Expected Shortfall for various investment horizons

conditional on current market conditions. The univariate model is suitable for passive risk man-

agement or risk measurement whereas the multivariate model is useful for active risk management

such as optimal portfolio allocation. We also discuss various alternatives to the suggested approach.

Because our focus has been on the modeling of market risk, that is the risk from fluctuations

in observed market prices, other important types of risk have been left unexplored.

We have focused on applications where a relatively long history of daily closing prices is available

for each asset or base asset. In practice, portfolios often contain assets where daily historical market

prices are not readily observable. Examples include derivatives, bonds, loans, new IPOs, private

placements, hedge funds, and real estate investments. In these cases, asset pricing models are

needed to link the unobserved asset prices to prices of other liquid assets. The use of pricing

models to impute asset prices gives rise to an additional source of risk, namely model risk. Hull

and Suo (2002) suggest a method to assess model risk.

In loan portfolios, nontraded credit risk is the main source of uncertainty. Lando (2004) provides

tools for credit risk modeling and credit derivative valuation.

Illiquidity can itself be a source of risk. Historical closing prices may be available for many assets

but if little or no trade was actually conducted at those prices then the historical information may

not properly reflect risk. In this case, liquidity risk should be accounted for. See Persaud (2003)

for various aspects of liquidity risk.

Even when computing the VaR and ES for readily observed assets, the use of parametric models

implies estimation risk which we have not accounted for here. Christoffersen and Goncalves (2005)

show that estimation risk can be substantial, and suggest ways to measure it in dynamic models.
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